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the three-parameter family of generalized mirror K3
surfaces can be computed explicitly (it 1s a multivariate
generalization of the Gauss hypergeometric function).



3 Elliptic Integrals
4. K3 Surfaces
5. Counting Rational Point on K3 Surfaces






The Welerstrass Function



We obtain the following isomorphism between the complex torus
and the complex points on our elliptic curve
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y® = 4x° — gox — g3 y’ =xz(z—1)(z — \)

{y* =z(z —1)(x — \)}, where A € C — {0, 1}

Now, let’s count the number of rational points in this family modulo p.

Fermat’s Little Theorem:

Let Then,



, there exists y € F,, such that a = y?

, otherwise

Let

Consider pairs of rational numbers (X,y)

If then there are two rational points, (x,y) and (X,-y)
If a =0, namely then there 1s one rational point (x,0)

If there 1s no rational point.



Further expanding this sum gives



{y* =z(z —1)(x — \)}, where A € C — {0, 1}

Counting Function for Family of Elliptic Curves:



Elliptic Integral:



A e

We can integrate around one of these cycles. Since



Elliptic Integrals:



ly? =z(xz —1)(z — \)}, where A € C — {0, 1}

Counting Function for Family of Elliptic Curves:




K3 surfaces are thought of as solution sets of degree-4
homogeneous polynomials in 3-dimensional projective space



X* 4 Y 4+ WA Z* +2DXYWZ — A(X?Z2 + Y*W?) — B(X*Y? + W?Z?%) - C(X*W? +Y?Z*) =0

AanchE(C

Kummer surfaces emit 16 nodal singularities. After resolving the
singularities, we obtain a K3 surface.
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Dwork Pencil

What makes these K3 surfaces mirrors?

- Equivalent Hodge Structures +  “Same” Rational Point Counts






we can compute period integrals for this family.

The K3 surface itself 1s described by 3 periods which can be written 1n
terms of this period.



r=f(X,Y,W,2) y=FfXY.W,2Z2) t=fXY,W,2)

Elliptic K3 surfaces are thus seen to be surfaces that are constructed through
attaching a torus at every point on the Riemann sphere.




z* + y* + w* + 2* + Daywz =0

symmetry.




The elliptic fibration structure allows us to generalize the Greene-Plesser
mechanism. We then obtain the three-parameter generalization of the mirror of the
generalized Dwork pencil.

We can compute the fiberwise period integral. We can then express the 5 period
integrals of our surface in terms of this multi-variate hypergeometric function
(Aomoto-Gelfos Function).



r* + y* + w* + 2* + 2Dxywz — A(x?2? + y*w?) — B(z?y? + w?z?) — C(z?w? + y?2*) =0

Through using the elliptic fibration on the three-parameter mirror family and
relating the period integrals of different families, we show that



The equation of the surface is:
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