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Counting Rational Points on 
Curves and Surfaces



Theorem: The counting function (of rational points) on 
the three-parameter family of generalized mirror K3 

surfaces can be computed explicitly (it is a multivariate 
generalization of the Gauss hypergeometric function). 
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Overview



Elliptic Curves

• For periods              and                
we consider the lattice of points 

given by:

• We obtain the complex torus 
through defining congruence 

modulo our lattice.

⇤ =
�
n+m⌧ : n,m 2 Z

 
<latexit sha1_base64="a68V5n7bKpcTDrfOF8SFKQ3pbmQ=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCUqZWfIFQdOPCRQX7wE4pmTRtQ5PMkGSEMsxvuPFX3LhQxKWu/Bsz00HUeiBwOOdccu/xAkaVdpxPa2p6ZnZuPreQX1xaXlm119bryg8lJjXsM182PaQIo4LUNNWMNANJEPcYaXjDi8Rv3BGpqC9u9CggbY76gvYoRtpIHdtxr0y4i+AZdD3adyOxy12NwlOxx6FLBXQ50gPPi27j1I87dsEpOingJCllpAAyVDv2u9v1cciJ0JghpVolJ9DtCElNMSNx3g0VCRAeoj5pGSoQJ6odpZfFcNsoXdjzpXlCw1T9OREhrtSIeyaZ7Kn+eon4n9cKde+4HVERhJoIPP6oFzKofZjUBLtUEqzZyBCEJTW7QjxAEmFtysynJZwkOPw+eZLU94ulcrF8fVConGd15MAm2AI7oASOQAVcgiqoAQzuwSN4Bi/Wg/VkvVpv4+iUlc1sgF+wPr4AdpmgJA==</latexit> z ⇠ w

<latexit sha1_base64="KHM5xypIiiW091CcHuA61KE21eM=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxWsA9oQ5lMJ+3QySTOTJQa+hNuXCji1t9x5984SYOo9cCFwzn3cu89XsSZ0rb9aRUWFpeWV4qrpbX1jc2t8vZOS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+DL123dUKhaKGz2JqBvgoWA+I1gbqfOAeooF6L5frthVOwOaJ05OKpCj0S9/9AYhiQMqNOFYqa5jR9pNsNSMcDot9WJFI0zGeEi7hgocUOUm2b1TdGCUAfJDaUpolKk/JxIcKDUJPNMZYD1Sf71U/M/rxto/cxMmolhTQWaL/JgjHaL0eTRgkhLNJ4ZgIpm5FZERlphoE1EpC+E8xcn3y/OkdVR1atXa9XGlfpHHUYQ92IdDcOAU6nAFDWgCAQ6P8Awv1q31ZL1ab7PWgpXP7MIvWO9fog2P1w==</latexit>

z = w + n+m⌧
<latexit sha1_base64="p/YJM7esCDF/dZ8OXqibAXO6cVY=">AAAB9HicbVDLSgMxFM3UV62vqks3wSIIhTJjxcdCKLpxWcE+oB1KJs20oUlmTDKVOvQ73LhQxK0f486/MTMdRK0HLhzOuZd77/FCRpW27U8rt7C4tLySXy2srW9sbhW3d5oqiCQmDRywQLY9pAijgjQ01Yy0Q0kQ9xhpeaOrxG+NiVQ0ELd6EhKXo4GgPsVIG8l9gBfwvizKvKtR1CuW7IqdAs4TJyMlkKHeK350+wGOOBEaM6RUx7FD7cZIaooZmRa6kSIhwiM0IB1DBeJEuXF69BQeGKUP/UCaEhqm6s+JGHGlJtwznRzpofrrJeJ/XifS/pkbUxFGmgg8W+RHDOoAJgnAPpUEazYxBGFJza0QD5FEWJucCmkI5wlOvl+eJ82jilOtVG+OS7XLLI482AP74BA44BTUwDWogwbA4A48gmfwYo2tJ+vVepu15qxsZhf8gvX+BZRckXg=</latexit>

C/⇤
<latexit sha1_base64="xlOj8XiGXp7hfWk8pwJ/Aidhxkg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GVoEQaiJBR+7YjcuXFSwD2hCmUwm7dDJg5mJEEPxJ/wANy4Ucet/uOvfOEmLqPXAwOGce7lnjhMxKqRhTLTCwuLS8kpxtbS2vrG5pW/vtEUYc0xaOGQh7zpIEEYD0pJUMtKNOEG+w0jHGTUyv3NHuKBhcCuTiNg+GgTUoxhJJfX1PctHcug4aWMMj6F1rTZd1NcrRtXIAeeJOSOVetk6epzUk2Zf/7TcEMc+CSRmSIieaUTSThGXFDMyLlmxIBHCIzQgPUUD5BNhp3n6MTxQigu9kKsXSJirPzdS5AuR+I6azLKKv14m/uf1Yumd2ykNoliSAE8PeTGDMoRZFdClnGDJEkUQ5lRlhXiIOMJSFVbKS7jIcPr95XnSPqmatWrtRrVxCaYogn1QBofABGegDq5AE7QABvfgCbyAV+1Be9betPfpaEGb7eyCX9A+vgCWJZfG</latexit>

!1 = 1
<latexit sha1_base64="bpUyeF7I28XeBfgXR6MlQi2qrnU=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRIrPhZC0Y3LCvYBaSiT6aQdOo8wMxFK6Ge4caGIW7/GnX/jJA2i1gMXDufcy733hDGj2rjup1NaWl5ZXSuvVzY2t7Z3qrt7HS0ThUkbSyZVL0SaMCpI21DDSC9WBPGQkW44ucn87gNRmkpxb6YxCTgaCRpRjIyV/L7kZIQGHrzyBtWaW3dzwEXiFaQGCrQG1Y/+UOKEE2EwQ1r7nhubIEXKUMzIrNJPNIkRnqAR8S0ViBMdpPnJM3hklSGMpLIlDMzVnxMp4lpPeWg7OTJj/dfLxP88PzHRRZBSESeGCDxfFCUMGgmz/+GQKoINm1qCsKL2VojHSCFsbEqVPITLDGffLy+Szknda9Qbd6e15nURRxkcgENwDDxwDprgFrRAG2AgwSN4Bi+OcZ6cV+dt3lpyipl98AvO+xch3ZCi</latexit>

!2 = ⌧
<latexit sha1_base64="+fw78yt88I5gGpWUdad/VlHJr1o=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAiuStKKj4VQdOOygn1AE8tkOmmHziPMTJQS+h9uXCji1n9x5984aYOo9cCFwzn3cu89YcyoNq776SwsLi2vrBbWiusbm1vbpZ3dlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscXWV++54oTaW4NeOYBBwNBI0oRsZKd77kZIB6VXjhG5T0SmW34k4B54mXkzLI0eiVPvy+xAknwmCGtO56bmyCFClDMSOTop9oEiM8QgPStVQgTnSQTq+ewEOr9GEklS1h4FT9OZEirvWYh7aTIzPUf71M/M/rJiY6C1Iq4sQQgWeLooRBI2EWAexTRbBhY0sQVtTeCvEQKYSNDao4DeE8w8n3y/OkVa14tUrt5rhcv8zjKIB9cACOgAdOQR1cgwZoAgwUeATP4MV5cJ6cV+dt1rrg5DN74Bec9y/UGpI2</latexit>



Elliptic Functions

• A non-constant doubly 
periodic meromorphic 

function is called an elliptic 
function.

• The Weierstrass     function is a 
doubly periodic meromorphic 

function with double poles at the 
lattice points

}
<latexit sha1_base64="0ywJ5yMQ0zRhET9MkfauICaC09w=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmSgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20m3/IRqUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FfcSOEg==</latexit>

The Weierstrass      Function}
<latexit sha1_base64="0ywJ5yMQ0zRhET9MkfauICaC09w=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmSgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20m3/IRqUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FfcSOEg==</latexit>
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1
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+
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(n+m⌧)2

i

<latexit sha1_base64="Gzz/DTNS0sXvH38SokbAjaPx7Z4="></latexit>



Elliptic Curves

 is a cubic polynomial in    
An elliptic curve over C is a nonsingular 

cubic curve over C together with an 
abelian group structure.

(}0)2
<latexit sha1_base64="6UzsMW6XWxXD0fG4LRzi925dehk=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDGS5hJxOUW9OIxglkgGUNPpydp0rPY3aOEIT/hxYMiXv0db/6NPZNB1Pig4PFeFVX1nJAzqUzz08gtLC4tr+RXC2vrG5tbxe2dlgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0748vEb99TIVng36hJSG0PD33mMoKVljrl3kN4eHRb7RdLZsVMgeaJlZESZGj0ix+9QUAij/qKcCxl1zJDZcdYKEY4nRZ6kaQhJmM8pF1NfexRacfpvVN0oJUBcgOhy1coVX9OxNiTcuI5utPDaiT/eon4n9eNlHtmx8wPI0V9MlvkRhypACXPowETlCg+0QQTwfStiIywwETpiAppCOcJTr5fnietasWqVWrXx6X6RRZHHvZgH8pgwSnU4Qoa0AQCHB7hGV6MO+PJeDXeZq05I5vZhV8w3r8AzeePTA==</latexit>

(}0)2 = 4}3 � g2}� g3
<latexit sha1_base64="Sz5zqK0fMBKgTf8AVaw+hoZR40A=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFrAvLTFu8LISiG5cV7AXa6ZBJM21oJjMkGaWUbtz4Km5cKOLWd3Dn25i2g6j1h5CP/5xDcn4vYlQqy/o0UnPzC4tL6eXMyura+oa5uVWTYSwwqeKQhaLhIUkY5aSqqGKkEQmCAo+Rute/HNfrt0RIGvIbNYiIE6Aupz7FSGnLNXdzrbvo4LBdgOewpLFdPOq6BQ36Krpm1spbE8FZsBPIgkQV1/xodUIcB4QrzJCUTduKlDNEQlHMyCjTiiWJEO6jLmlq5Cgg0hlOthjBfe10oB8KfbiCE/fnxBAFUg4CT3cGSPXk39rY/K/WjJV/6gwpj2JFOJ4+5McMqhCOI4EdKghWbKABYUH1XyHuIYGw0sFlJiGcjXX8vfIs1Ap5u5gvXpey5YskjjTYAXsgB2xwAsrgClRAFWBwDx7BM3gxHown49V4m7amjGRmG/yS8f4FxN2WWA==</latexit>

We obtain the following isomorphism between the complex torus 
and the complex points on our elliptic curve

y2 = 4x3 � g2x� g3
<latexit sha1_base64="vQ5mqIUozP2cQ01mD5c6vPqwlhg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwY0ma4mMhFN24rGAf0KZhMp20QycPZibaEPspblwo4tYvceffOEmDqPXAvRzOuZe5c5yQEi50/VMpLC2vrK4V10sbm1vbO2p5t82DiCHcQgENWNeBHFPi45YgguJuyDD0HIo7zuQq9Tt3mHES+LciDrHlwZFPXIKgkJKtluNB7aI+HZjHI7s2lc201Ype1TNoi8TISQXkaNrqR38YoMjDvkAUct4z9FBYCWSCIIpnpX7EcQjRBI5wT1IfephbSXb6TDuUylBzAybLF1qm/txIoMd57Dly0oNizP96qfif14uEe2YlxA8jgX00f8iNqCYCLc1BGxKGkaCxJBAxIm/V0BgyiIRMq5SFcJ7i5PvLi6Rdqxpm1bypVxqXeRxFsA8OwBEwwClogGvQBC2AwD14BM/gRXlQnpRX5W0+WlDynT3wC8r7Fzn4ktI=</latexit>

}
<latexit sha1_base64="0ywJ5yMQ0zRhET9MkfauICaC09w=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmSgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20m3/IRqUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FfcSOEg==</latexit>

z 7! (x, y) = (}(z),}0(z)) where C/⇤
<latexit sha1_base64="hyAFiDsH9HaVzW42xxK8X3TJ0ZU="></latexit>



Elliptic Curves

⌧
<latexit sha1_base64="k1eq/OkLKDKn0PrdsyIv4pl8mY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU/LgVvXisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3JmkQtT4YeLw3w8w8P5bCoG1/WqWl5ZXVtfJ6ZWNza3unurvXMlGiGXdZJCPd8anhUijuokDJO7HmNPQlb/vjm8xvP3BtRKTucRJzL6RDJQLBKKaS20OakH61ZtftHGSROAWpQYFmv/rRG0QsCblCJqkxXceO0ZtSjYJJPqv0EsNjysZ0yLspVTTkxpvmx87IUaoMSBDptBSSXP05MaWhMZPQTztDiiPz18vE/7xugsGlNxUqTpArNl8UJJJgRLLPyUBozlBOUkKZFumthI2opgzTfCp5CFcZzr9fXiStk7pzWj+9O6s1ros4ynAAh3AMDlxAA26hCS4wEPAIz/BiKevJerXe5q0lq5jZh1+w3r8AkQWOqQ==</latexit>

g2, g3
<latexit sha1_base64="oZeJvOec/oHOfCHe4gw8wozFbow=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBg5SkFT9uRS8eK1hbaEPYbDfp0s0m7E6KJfSfePGgiFf/iTf/jUlaRK0PBh7vzTAzz4sF12BZn0ZpaXllda28XtnY3NreMXf37nWUKMraNBKR6npEM8ElawMHwbqxYiT0BOt4o+vc74yZ0jySdzCJmROSQHKfUwKZ5Jpm4NZxH9gDpCd4GrgN16xaNasAXiT2nFTRHC3X/OgPIpqETAIVROuebcXgpEQBp4JNK/1Es5jQEQlYL6OShEw7aXH5FB9lygD7kcpKAi7UnxMpCbWehF7WGRIY6r9eLv7n9RLwL5yUyzgBJulskZ8IDBHOY8ADrhgFMckIoYpnt2I6JIpQyMKqFCFc5jj7fnmR3NdrdqPWuD2tNq/mcZTRATpEx8hG56iJblALtRFFY/SIntGLkRpPxqvxNmstGfOZffQLxvsXW7yS+A==</latexit>

z
<latexit sha1_base64="k7DAN8m51ig5iadxK+5yNjAw3cQ=">AAAB6XicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisYh/QhjKZTtqhk0mYmQg19A/cuFDErX/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u0DGpQrdtXOgBaJk5MK5GgOyh/9YUjigApNOFaq59iRdhMsNSOczkr9WNEIkwke0Z6hAgdUuUl26QwdGWWI/FCaEhpl6s+JBAdKTQPPdAZYj9VfLxX/83qx9s/dhIko1lSQ+SI/5kiHKH0bDZmkRPOpIZhIZm5FZIwlJtqEU8pCuEhx+v3yImmfVJ1atXZTrzQu8ziKcACHcAwOnEEDrqEJLSDgwyM8w4s1sZ6sV+tt3lqw8pl9+AXr/QtX9o1f</latexit>

(x, y)
<latexit sha1_base64="CQqo1ljx6nfONEhjcS0yBx/zGZ0=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBEqSEms+HErevFYwbSFNpTNdtMu3WzC7kYMob/BiwdFvPqDvPlv3KRB1Ppg4PHeDDPzvIhRqSzr01hYXFpeWS2tldc3Nre2Kzu7bRnGAhMHhywUXQ9JwignjqKKkW4kCAo8Rjre5DrzO/dESBryO5VExA3QiFOfYqS05NQejpOjQaVq1a0c5jyxC1KFAq1B5aM/DHEcEK4wQ1L2bCtSboqEopiRabkfSxIhPEEj0tOUo4BIN82PnZqHWhmafih0cWXm6s+JFAVSJoGnOwOkxvKvl4n/eb1Y+RduSnkUK8LxbJEfM1OFZva5OaSCYMUSTRAWVN9q4jESCCudTzkP4TLD2ffL86R9Urcb9cbtabV5VcRRgn04gBrYcA5NuIEWOICBwiM8w4vBjSfj1XibtS4Yxcwe/ILx/gUKe45R</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

y
<latexit sha1_base64="NZ6boFnOmWjw9jRHpv0m4i6agHw=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQqPnZFNy5bsA9oQ5lMJ+3YySTMTIQQ+gVuXCji1k9y5984SYOo9cCFwzn3cu89XsSZ0rb9aZWWlldW18rrlY3Nre2d6u5eR4WxJLRNQh7KnocV5UzQtmaa014kKQ48Trve9Cbzuw9UKhaKO51E1A3wWDCfEayN1EqG1Zpdt3OgReIUpAYFmsPqx2AUkjigQhOOleo7dqTdFEvNCKezyiBWNMJkise0b6jAAVVumh86Q0dGGSE/lKaERrn6cyLFgVJJ4JnOAOuJ+utl4n9eP9b+pZsyEcWaCjJf5Mcc6RBlX6MRk5RonhiCiWTmVkQmWGKiTTaVPISrDOffLy+SzkndOa2fts5qjesijjIcwCEcgwMX0IBbaEIbCFB4hGd4se6tJ+vVepu3lqxiZh9+wXr/AgCUjTQ=</latexit>

z 7! (x, y) = (}(z),}0(z))
<latexit sha1_base64="+C4kmZ5HeM+67jsy3DONmke3+LY=">AAACDXicbVBLTwIxGOziC/G16tFLIxohIWRXjI+DCdGLR0wETFhCuqVAQ7u7abvqsuEPePGvePGgMV69e/PfWGBjVJyk6WTm+9LOuAGjUlnWp5GamZ2bX0gvZpaWV1bXzPWNmvRDgUkV+8wX1y6ShFGPVBVVjFwHgiDuMlJ3++cjv35DhKS+d6WigDQ56nq0QzFSWmqZOwPocBRI5cPcXSHKw1OYc26D3CBf0Bfc0yQPW2bWKlpjwGliJyQLElRa5ofT9nHIiacwQ1I2bCtQzRgJRTEjw4wTShIg3Edd0tDUQ5zIZjxOM4S7WmnDji/08RQcqz83YsSljLirJzlSPfnXG4n/eY1QdY6bMfWCUBEPTx7qhAzq7KNqYJsKghWLNEFYUP1XiHtIIKx0gZlxCScjHH5Hnia1/aJdKpYuD7Lls6SONNgC2yAHbHAEyuACVEAVYHAPHsEzeDEejCfj1XibjKaMZGcT/ILx/gWnOJjf</latexit>



Counting Rational Points on Elliptic 
Curves

Family of Elliptic Curves:

X� =
�
y2 = x(x� 1)(x� �)

 
, where � 2 C�

�
0, 1

 
<latexit sha1_base64="AieAkBF1RsuqTZfv41KuwTWyD7k="></latexit>

Fermat’s Little Theorem:

If p is a prime, a 2 Z, and p 6 |a then ap�1 ⌘ 1 (mod p)
<latexit sha1_base64="g8SxVXtQPuWq3Iod0mEGv9lYbD8="></latexit>

 Let                       Then,  

  Now, let’s count the number of rational points in this family modulo p. 

a 6= 0 2 Fp
<latexit sha1_base64="859926p0QUfwIL2EN6YdcXQnwjE=">AAACBHicbVDLSsNAFJ3UV219VF12M1gFVyWx4GNXFMRlBfuAJoTJdNIOnUzizKRQQhdu/BU3LhTRpRv/wJ0fomsnbRG1HrhwOOde7r3HixiVyjTfjczc/MLiUnY5l19ZXVsvbGw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOn1T1O/OSBC0pBfqmFEnAB1OfUpRkpLbqEIEbQ5uYImtCmHdoBUz/OSs5Eb5dxCySybY8BZYk1Jqbrz8fw6yH/W3MKb3QlxHBCuMENSti0zUk6ChKKYkVHOjiWJEO6jLmlrylFApJOMnxjBXa10oB8KXVzBsfpzIkGBlMPA053pkfKvl4r/ee1Y+UdOQnkUK8LxZJEfM6hCmCYCO1QQrNhQE4QF1bdC3EMCYaVzm4RwnOLg++VZ0tgvW5Vy5UKncQImyIIi2AZ7wAKHoArOQQ3UAQbX4BbcgwfjxrgzHo2nSWvGmM5sgV8wXr4ALyKbGg==</latexit>

a
p�1
2 =

(
1 , there exists y 2 Fp such that a = y2

�1 , otherwise
<latexit sha1_base64="ucjw4vUFRhrRCKu7Gz1urfrKhBw="></latexit>

y2 = x(x� 1)(x� �)
<latexit sha1_base64="egPRGhylJpCEWVR64XhGh964fE0=">AAACAHicbVBLSwMxGMzWV62vVQ8evASL0B4su634OAhFLx4r2Ae0a8lms21o9kGSlZalF/+KFw+KePVnePPfmN0uotaBhGHmG5Jv7JBRIQ3jU8stLC4tr+RXC2vrG5tb+vZOSwQRx6SJAxbwjo0EYdQnTUklI52QE+TZjLTt0VXit+8JFzTwb+UkJJaHBj51KUZSSX19b3JXhRdwXBofmWV19ZjKOqjc14tGxUgB54mZkSLI0OjrHz0nwJFHfIkZEqJrGqG0YsQlxYxMC71IkBDhERqQrqI+8oiw4nSBKTxUigPdgKvjS5iqPxMx8oSYeLaa9JAcir9eIv7ndSPpnlkx9cNIEh/PHnIjBmUAkzagQznBkk0UQZhT9VeIh4gjLFVnhbSE8wQn3yvPk1a1YtYqtZvjYv0yqyMP9sEBKAETnII6uAYN0AQYTMEjeAYv2oP2pL1qb7PRnJZldsEvaO9flxiUoA==</latexit>

y2 = 4x3 � g2x� g3
<latexit sha1_base64="vQ5mqIUozP2cQ01mD5c6vPqwlhg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwY0ma4mMhFN24rGAf0KZhMp20QycPZibaEPspblwo4tYvceffOEmDqPXAvRzOuZe5c5yQEi50/VMpLC2vrK4V10sbm1vbO2p5t82DiCHcQgENWNeBHFPi45YgguJuyDD0HIo7zuQq9Tt3mHES+LciDrHlwZFPXIKgkJKtluNB7aI+HZjHI7s2lc201Ype1TNoi8TISQXkaNrqR38YoMjDvkAUct4z9FBYCWSCIIpnpX7EcQjRBI5wT1IfephbSXb6TDuUylBzAybLF1qm/txIoMd57Dly0oNizP96qfif14uEe2YlxA8jgX00f8iNqCYCLc1BGxKGkaCxJBAxIm/V0BgyiIRMq5SFcJ7i5PvLi6Rdqxpm1bypVxqXeRxFsA8OwBEwwClogGvQBC2AwD14BM/gRXlQnpRX5W0+WlDynT3wC8r7Fzn4ktI=</latexit>
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 Let                       Then,  a 6= 0 2 Fp
<latexit sha1_base64="859926p0QUfwIL2EN6YdcXQnwjE=">AAACBHicbVDLSsNAFJ3UV219VF12M1gFVyWx4GNXFMRlBfuAJoTJdNIOnUzizKRQQhdu/BU3LhTRpRv/wJ0fomsnbRG1HrhwOOde7r3HixiVyjTfjczc/MLiUnY5l19ZXVsvbGw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOn1T1O/OSBC0pBfqmFEnAB1OfUpRkpLbqEIEbQ5uYImtCmHdoBUz/OSs5Eb5dxCySybY8BZYk1Jqbrz8fw6yH/W3MKb3QlxHBCuMENSti0zUk6ChKKYkVHOjiWJEO6jLmlrylFApJOMnxjBXa10oB8KXVzBsfpzIkGBlMPA053pkfKvl4r/ee1Y+UdOQnkUK8LxZJEfM6hCmCYCO1QQrNhQE4QF1bdC3EMCYaVzm4RwnOLg++VZ0tgvW5Vy5UKncQImyIIi2AZ7wAKHoArOQQ3UAQbX4BbcgwfjxrgzHo2nSWvGmM5sgV8wXr4ALyKbGg==</latexit>

a
p�1
2 =

(
1 , there exists y 2 Fp such that a = y2

�1 , otherwise
<latexit sha1_base64="ucjw4vUFRhrRCKu7Gz1urfrKhBw="></latexit>

Let 

If                        then there are two rational points, (x,y) and (x,-y)

If a = 0, namely                          then there is one rational point (x,0)x = 0, 1,�
<latexit sha1_base64="hkF+iDxYzT9iFxNnwrMFXJo+xmo=">AAAB+XicbVDLSgMxFM3UV62vUZeKBIvgopQZCz4WQtGNyxbsA9qhZDJpG5rJDEmmWIYu/Qs3LhRx66bf4c5v8CfMdIqo9UDgcM493JvjhoxKZVkfRmZhcWl5JbuaW1vf2Nwyt3fqMogEJjUcsEA0XSQJo5zUFFWMNENBkO8y0nAH14nfGBIhacBv1Sgkjo96nHYpRkpLHdO8g5fQKtiFNtMhD+U6Zt4qWlPAeWLPSL68P6l+3h9MKh3zve0FOPIJV5ghKVu2FSonRkJRzMg4144kCREeoB5pacqRT6QTTy8fwyOteLAbCP24glP1ZyJGvpQj39WTPlJ9+ddLxP+8VqS6505MeRgpwnG6qBsxqAKY1AA9KghWbKQJwoLqWyHuI4Gw0mWlJVwkOP3+8jypnxTtUrFU1W1cgRRZsAcOwTGwwRkogxtQATWAwRA8gCfwbMTGo/FivKajGWOW2QW/YLx9AbkzlZ4=</latexit>

If                          there is no rational point.a
p�1
2 ⌘ �1

<latexit sha1_base64="Id/QzRPy1aDDuNw3sCYJHLgfjhY=">AAACBHicbVDLSsNAFJ34bOsr6rKbwSK4aUla8LErunFZwT6wqWUynbRDJw9nJsUSsnDjP/gFbgQVcetHuPNrdNIUUeuBC4dz7uXee+yAUSEN40Obm19YXFrOZHMrq2vrG/rmVkP4Icekjn3m85aNBGHUI3VJJSOtgBPk2ow07eFJ4jdHhAvqe+dyHJCOi/oedShGUkldPY8uI8vhCEdB0Yyjchxb5CqkI1g0c129YJSMCeAsMaekUM0GdxeP15+1rv5u9XwcusSTmCEh2qYRyE6EuKSYkThnhYIECA9Rn7QV9ZBLRCeaPBHDXaX0oONzVZ6EE/XnRIRcIcaurTpdJAfir5eI/3ntUDqHnYh6QSiJh9NFTsig9GGSCOxRTrBkY0UQ5lTdCvEAqUikyi0N4SjB/vfLs6RRLpmVUuVMpXEMUmRAHuyAPWCCA1AFp6AG6gCDG3APnsCzdqs9aC/aa9o6p01ntsEvaG9f1tubaw==</latexit>

a = x(x� 1)(x� �) = y2
<latexit sha1_base64="otyM5opl3yJt0KkjrKTPC+tYbqE=">AAACBHicbVBLSwMxGMz6rPW16rGXYBHag2W3FR8HoejFYwX7gHYt2Wy2Dc0+SLLSZenBi3/FiwdFvPojvPlvzG6LqHUgYZj5huQbO2RUSMP41BYWl5ZXVnNr+fWNza1tfWe3JYKIY9LEAQt4x0aCMOqTpqSSkU7ICfJsRtr26DL123eECxr4NzIOieWhgU9dipFUUl8vIHgOx6XxoVlWV4+ppIPKSotvq329aFSMDHCemDNSBDM0+vpHzwlw5BFfYoaE6JpGKK0EcUkxI5N8LxIkRHiEBqSrqI88IqwkW2ICD5TiQDfg6vgSZurPRII8IWLPVpMekkPx10vF/7xuJN1TK6F+GEni4+lDbsSgDGDaCHQoJ1iyWBGEOVV/hXiIOMJS9ZbPSjhLcfy98jxpVStmrVK7PirWL2Z15EAB7IMSMMEJqIMr0ABNgME9eATP4EV70J60V+1tOrqgzTJ74Be09y+WapWm</latexit>

a
p�1
2 ⌘ 1

<latexit sha1_base64="99WuaxJNzWYmm4+m+f/DSvQGi+0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSSt+NgV3bisYB/Q1DKZTtqhk0mcmRRKCLjxV9y4UMStP+HOv3GSBlHrgQuHc+7l3nvckFGpLOvTmJtfWFxaLqwUV9fWNzbNre2mDCKBSQMHLBBtF0nCKCcNRRUj7VAQ5LuMtNzRZeq3xkRIGvAbNQlJ10cDTj2KkdJSz9xFt7HjCYTj8MhO4kqSQIfcRXQM7Z5ZsspWBjhL7JyUQI56z/xw+gGOfMIVZkjKjm2FqhsjoShmJCk6kSQhwiM0IB1NOfKJ7MbZDwk80EofeoHQxRXM1J8TMfKlnPiu7vSRGsq/Xir+53Ui5Z11Y8rDSBGOp4u8iEEVwDQQ2KeCYMUmmiAsqL4V4iHSiSgdWzEL4TzFyffLs6RZKdvVcvX6uFS7yOMogD2wDw6BDU5BDVyBOmgADO7BI3gGL8aD8WS8Gm/T1jkjn9kBv2C8fwFkIZd8</latexit>

Consider pairs of rational numbers (x,y)
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|X�| ⌘
X

x2Fp

(1 + (x(x� 1)(x� �))
p�1
2 ) mod p

<latexit sha1_base64="XINAAOOhZfipOwMIViLY984p4jY="></latexit>

Overall, the number of rational points for        modulo p isX�
<latexit sha1_base64="ea20J+r7p/pwAdKAQSz0Txl61nI=">AAAB8nicbVDLSgMxFM3UV62vquDGTbAIrsqMBR+7UjcuW7APmA4lk8m0oZlkSDJCGfoZblwo4lb/wi9w58ZvMTMtotYDgcM555J7jx8zqrRtf1iFpeWV1bXiemljc2t7p7y711EikZi0sWBC9nykCKOctDXVjPRiSVDkM9L1x1eZ370lUlHBb/QkJl6EhpyGFCNtJLc3SPvMpAM0HZQrdtXOAReJMyeV+kHrk7423pqD8ns/EDiJCNeYIaVcx461lyKpKWZkWuonisQIj9GQuIZyFBHlpfnKU3hslACGQprHNczVnxMpipSaRL5JRkiP1F8vE//z3ESHF15KeZxowvHsozBhUAuY3Q8DKgnWbGIIwpKaXSEeIYmwNi2V8hIuM5x9n7xIOqdVp1attUwbDTBDERyCI3ACHHAO6uAaNEEbYCDAHXgAj5a27q0n63kWLVjzmX3wC9bLF2LGlSg=</latexit>

Further expanding this sum gives

|X�| = �(�1)
p�1
2

p�1
2X

r=0

✓
� 1

2

r

◆2

�r mod p
<latexit sha1_base64="m5C4RM/yV21mwv0r4LCgSfSr22E="></latexit>

= �(�1)
p�1
2 2F1

⇣1
2
,
1

2
, 1, ;�

⌘

trunc
mod p

<latexit sha1_base64="FUMKZusU3TJuBdcszSXHji4bSR4="></latexit>

= �(�1)
p�1
2 (1 +

1

4
�+

9

64
�2 +

25

256
�3 + . . . )trunc mod p

<latexit sha1_base64="uC/mc7xPe7PBKE1TzWr5nYRsPn4="></latexit>
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Counting Function for Family of Elliptic Curves:

Family of Elliptic Curves:

X� =
�
y2 = x(x� 1)(x� �)

 
, where � 2 C�

�
0, 1

 
<latexit sha1_base64="AieAkBF1RsuqTZfv41KuwTWyD7k="></latexit>

|X�| = �(�1)
p�1
2 2F1

⇣1
2
,
1

2
, 1, ;�

⌘

trunc
mod p

<latexit sha1_base64="xapEZLJ2zrYKwyzmSgQz6Cgr9YM="></latexit>



 Elliptic Integrals

Elliptic Integral:

In introductory Calculus, we dealt with integrals of the type:

Z 1

1

dxp
x(x� 1)(x� �)

= 1 +
1

4
�+

9

64
�2 +

25

256
�3 + · · · = 2F1

⇣1
2
,
1

2
, 1;�

⌘

<latexit sha1_base64="lP59Z1NYr+Pe4Vscup8KpStEaYA="></latexit>

Z 1

0

1p
1 + �2x2

dx
<latexit sha1_base64="vxJPpwlUiEmUEtzNIUg37Yam0Qw=">AAACFnicbVDLSgMxFM34rPVVdelmsAiCWGZa8bErunFZwT6g05ZMJtOGZjJjckdahvkKN/6KGxeKuBV3/o3pA1HrgZDDOffe5B434kyBZX0ac/MLi0vLmZXs6tr6xmZua7umwlgSWiUhD2XDxYpyJmgVGHDaiCTFgctp3e1fjvz6HZWKheIGhhFtBbgrmM8IBi11ckcOE9BJrLSd2KnjS0z0nTjqVkJiHzpcT/JwuzhoF9PUG3RyeatgjWHOEntK8miKSif34XghiQMqgHCsVNO2ImglWAIjnKZZJ1Y0wqSPu7SpqcABVa1kvFZq7mvFM/1Q6iPAHKs/OxIcKDUMXF0ZYOipv95I/M9rxuCftRImohioIJOH/JibEJqjjEyPSUqADzXBRDL9V5P0sM4GdJLZcQjnI5x8rzxLasWCXSqUro/z5YtpHBm0i/bQAbLRKSqjK1RBVUTQPXpEz+jFeDCejFfjbVI6Z0x7dtAvGO9fI6igHQ==</latexit>

=
arcsinh(�)

�
<latexit sha1_base64="2o+ptoK7jFhnwFpphJTu9COooFo=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1U1IrPhZC0Y3LCvYBTSiTyaQdOpmEmYlQQtZu/BU3LhRx6xe482+cpEHUemDgcM493LnHjRiVyrI+jbn5hcWl5dJKeXVtfWPT3NruyDAWmLRxyELRc5EkjHLSVlQx0osEQYHLSNcdX2V+944ISUN+qyYRcQI05NSnGCktDcy9C9sXCCdIYEn5qGoznfXQYZoULB2YFatm5YCzpF6QCijQGpgfthfiOCBcYYak7NetSDl6g6KYkbRsx5JECI/RkPQ15Sgg0knyU1J4oBUP+qHQjyuYqz8TCQqknASungyQGsm/Xib+5/Vj5Z85CeVRrAjH00V+zKAKYdYL9KggWLGJJggLqv8K8QjpapRur5yXcJ7h5PvkWdI5qtUbtcbNcaV5WdRRArtgH1RBHZyCJrgGLdAGGNyDR/AMXowH48l4Nd6mo3NGkdkBv2C8fwGnNpsE</latexit>

= 1� 1

6
c2 +

3

40
c4 + . . .

<latexit sha1_base64="5feGNayuia+ko9iTwVhFTG8YOGU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUiiVpS9WFUHTjsoJ9QBvLZDpph04ezEyEEvIJbvwVNy4UcevSnX/jJA2i1gMD5557D3fusQNGhTSMTy23sLi0vJJfLaytb2xu6ds7beGHHJMW9pnPuzYShFGPtCSVjHQDTpBrM9KxJ5dJv3NHuKC+dyOnAbFcNPKoQzGSShroh+fmcd/hCEdmHNVjfFspzcpqHNUMVddK/aEvxUAvGmUjBZwnZkaKIENzoH8oHw5d4knMkBA90wikFSEuKWYkLvRDQQKEJ2hEeop6yCXCitKDYniglCF0fK6eJ2Gq/nREyBVi6tpq0kVyLP72EvG/Xi+UzqkVUS8IJfHwbJETMih9mKQDh5QTLNlUEYQ5VX+FeIxUHlJlWEhDOEtQ/z55nrQrZbNarl7Xio2LLI482AP74AiY4AQ0wBVoghbA4B48gmfwoj1oT9qr9jYbzWmZZxf8gvb+BRYXnCU=</latexit>



Geometric Intuition of Elliptic 
Integrals

Elliptic Integrals can be seen as giving the length of the 
one-dimensional cycles of a torus.

Consider the Fundamental Parallelogram in our Lattice:

0
<latexit sha1_base64="8wRhTAwz1UB1FRHcb+EkaIDV/II=">AAAB5HicbZDLSsNAFIYn9Vbjrbp1M1gEVyWx4GUhFt24rGAv0IYymZ60YyeTMDMRSugTuHGhuBV8GPduxLdxkhZR6w8DH/9/DnPO8WPOlHacT6uwsLi0vFJctdfWNza3SvZ2U0WJpNCgEY9k2ycKOBPQ0ExzaMcSSOhzaPmjyyxv3YFULBI3ehyDF5KBYAGjRBvr2umVyk7FyYXnwZ1B+fzNPotfP+x6r/Te7Uc0CUFoyolSHdeJtZcSqRnlMLG7iYKY0BEZQMegICEoL80HneB94/RxEEnzhMa5+7MjJaFS49A3lSHRQ/U3y8z/sk6igxMvZSJONAg6/ShIONYRzrbGfSaBaj42QKhkZlZMh0QSqs1t7PwIp5mOvleeh+Zhxa1WquXaBZqqiHbRHjpALjpGNXSF6qiBKAJ0jx7Rk3VrPVjP08KCNevYQb9kvXwBeoKPAg==</latexit>

x = }(z) and y = }0(z)
<latexit sha1_base64="m0HFvDmydK8BGlxjp78rf/MG9xM=">AAACDHicbVDLSgMxFM3UV62vqks3oSJWhDKj4GMhFN24rGCr0Bkkk6YazGSG5I52HPoBblz5H25cKOLWD3DXvzGdFlHrgcDhnHO5ucePBNdg2z0rNzY+MTmVny7MzM7NLxQXlxo6jBVldRqKUJ37RDPBJasDB8HOI8VI4At25l8f9f2zG6Y0D+UpJBHzAnIpeZtTAka6KK7iDj7A7m1UvtvALrAOpJjIFu4mA3nd6CZlV+wMeJQ4Q7JaLbmbj71qUrsofrqtkMYBk0AF0brp2BF4KVHAqWDdghtrFhF6TS5Z01BJAqa9NDumi9eM0sLtUJknAWfqz4mUBFongW+SAYEr/dfri/95zRjae17KZRQDk3SwqB0LDCHuN4NbXDEKIjGEUMXNXzG9IopQMP0VshL2+9j5PnmUNLYqznZl+8S0cYgGyKMVVEJl5KBdVEXHqIbqiKJ79IRe0Kv1YD1bb9b7IJqzhjPL6Besjy8l8JxF</latexit>

 We can integrate around one of these cycles. Since 

!1
<latexit sha1_base64="GWZTIEQ7pobqMuKFU0oEYfcq0xk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZJIMmZ1ZZ2aFsOQnvHhQxKu/482/cXaziBoLGoqqbrq7gogzbVz30yksLa+srhXXSxubW9s75d29lpaxIrRJJJeqE2BNORO0aZjhtBMpisOA03YwuU799gNVmklxZ6YR9UM8EmzICDZW6vRkSEe47/XLFbfqZkCLxMtJBXI0+uWP3kCSOKTCEI617npuZPwEK8MIp7NSL9Y0wmSCR7RrqcAh1X6S3TtDR1YZoKFUtoRBmfpzIsGh1tMwsJ0hNmP910vF/7xubIYXfsJEFBsqyHzRMObISJQ+jwZMUWL41BJMFLO3IjLGChNjIyplIVymOPt+eZG0TqperVq7Pa3Ur/I4inAAh3AMHpxDHW6gAU0gwOERnuHFuXeenFfnbd5acPKZffgF5/0L0k+P9g==</latexit>

!2
<latexit sha1_base64="T/PkGqUYNWytmb/feUocfXOoFog=">AAAB73icbVDJSgNBEO1xjXGLevTSGARPYSYRl1vQi8cIZoFkCD2dmqRJL2N3jxBCfsKLB0W8+jve/BtnJoOo8UHB470qquoFEWfGuu6ns7S8srq2Xtgobm5t7+yW9vZbRsWaQpMqrnQnIAY4k9C0zHLoRBqICDi0g/F16rcfQBum5J2dROALMpQsZJTYROr0lIAh6Vf7pbJbcTPgReLlpIxyNPqlj95A0ViAtJQTY7qeG1l/SrRllMOs2IsNRISOyRC6CZVEgPGn2b0zfJwoAxwqnZS0OFN/TkyJMGYigqRTEDsyf71U/M/rxja88KdMRrEFSeeLwphjq3D6PB4wDdTySUII1Sy5FdMR0YTaJKJiFsJlirPvlxdJq1rxapXa7Wm5fpXHUUCH6AidIA+dozq6QQ3URBRx9Iie0Ytz7zw5r87bvHXJyWcO0C8471/T04/3</latexit>

!1 =

Z

A
dz =

Z 1

1

dx

y
<latexit sha1_base64="FVJ/FzG6IXoJJU4WLJ5pcdlYrEA="></latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

y
<latexit sha1_base64="NZ6boFnOmWjw9jRHpv0m4i6agHw=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQqPnZFNy5bsA9oQ5lMJ+3YySTMTIQQ+gVuXCji1k9y5984SYOo9cCFwzn3cu89XsSZ0rb9aZWWlldW18rrlY3Nre2d6u5eR4WxJLRNQh7KnocV5UzQtmaa014kKQ48Trve9Cbzuw9UKhaKO51E1A3wWDCfEayN1EqG1Zpdt3OgReIUpAYFmsPqx2AUkjigQhOOleo7dqTdFEvNCKezyiBWNMJkise0b6jAAVVumh86Q0dGGSE/lKaERrn6cyLFgVJJ4JnOAOuJ+utl4n9eP9b+pZsyEcWaCjJf5Mcc6RBlX6MRk5RonhiCiWTmVkQmWGKiTTaVPISrDOffLy+SzkndOa2fts5qjesijjIcwCEcgwMX0IBbaEIbCFB4hGd4se6tJ+vVepu3lqxiZh9+wXr/AgCUjTQ=</latexit>

1
<latexit sha1_base64="3uKJJTIbJdE2WmM72S+tEthm1Lc=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UcPrlil21M5BF4uSkAjnq/fJHbxCxJMBQM0GV6jp2rN0plZozgbNSL1EYUzamQ+waGtIAlTvNDp2RI6MMiB9JU6EmmfpzYkoDpSaBZzoDqkfqr5eK/3ndRPuX7pSHcaIxZPNFfiKIjkj6NRlwiUyLiSGUSW5uJWxEJWXaZFPKQrhKcf798iJpnVSd0+pp46xSu87jKMIBHMIxOHABNbiFOjSBAcIjPMOLdW89Wa/W27y1YOUz+/AL1vsXk2WM7A==</latexit>

A
<latexit sha1_base64="LNjh6ugxf0ns5/funFDU6oAw58w=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyqbly2YB/QhjKZTtqxk0mYmQgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yU3qdx6oVCwUd3oaUTfAI8F8RrA2UvNqUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/O4yjCARzCMThwDnW4hQa0gACFR3iGF+veerJerbd5a8HKZ/bhF6z3L6uljPw=</latexit>



Counting Rational Points on Elliptic 
Curves and Elliptic Integrals

is called the holomorphic one-form of the torus

Elliptic Integrals:

!� =
dx

y
=

dx

(x(x� 1)(x� �))
1
2

<latexit sha1_base64="P82iAyxQCTYMcOeplQu8grYSWWg="></latexit>

On X� : y2 = x(x� 1)(x� �)
<latexit sha1_base64="jmBm+OAWbFSrDpn7Wx+4iiQ43JE=">AAACIHicbVDLSgMxFM34rPVVdekmWARdWGasWBWEoht3VrBaaGvJpGkNzWSG5I50GOZT3Pgrblwoojv9GtNxEF8HEg7n3ENyjxsIrsG236yx8YnJqencTH52bn5hsbC0fKH9UFFWp77wVcMlmgkuWR04CNYIFCOeK9ilOzge+Zc3TGnuy3OIAtb2SF/yHqcEjNQpVFrAhhDjU4mTRiduCRPtkuQAZ3oSXW3jQzzcGG45m+bKBjY7haJdslPgv8TJSBFlqHUKr62uT0OPSaCCaN107ADaMVHAqWBJvhVqFhA6IH3WNFQSj+l2nC6Y4HWjdHHPV+ZIwKn6PRETT+vIc82kR+Ba//ZG4n9eM4TeXjvmMgiBSfr5UC8UGHw8agt3uWIURGQIoYqbv2J6TRShYDrNpyXsj7D7tfJfcrFdcsql8tlOsXqU1ZFDq2gNbSAHVVAVnaAaqiOKbtE9ekRP1p31YD1bL5+jY1aWWUE/YL1/AGPUofU=</latexit>

!�
<latexit sha1_base64="aTplkamTVxrUO8Vw6VOwKeP3q7g=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVVIrPnZFNy4r2Ac0IUwmk3boZCbMTAol9E/cuFDErX/izr9xkgZR64GBwzn3cO+cIGFUacf5tCorq2vrG9XN2tb2zu6evX/QUyKVmHSxYEIOAqQIo5x0NdWMDBJJUBww0g8mt7nfnxKpqOAPepYQL0YjTiOKkTaSb9uuiMkI+ZnLTChEc9+uOw2nAFwmzZLUQYmOb3+4ocBpTLjGDCk1bDqJ9jIkNcWMzGtuqkiC8ASNyNBQjmKivKy4fA5PjBLCSEjzuIaF+jORoVipWRyYyRjpsfrr5eJ/3jDV0ZWXUZ6kmnC8WBSlDGoB8xpgSCXBms0MQVhScyvEYyQR1qasWlHCdY6L7y8vk95Zo9lqtO7P6+2bso4qOALH4BQ0wSVogzvQAV2AwRQ8gmfwYmXWk/VqvS1GK1aZOQS/YL1/AetQk/s=</latexit>

!1 =

Z 1

1

dxp
x(x� 1)(x� �)

= 1 +
1

4
�+

9

64
�2 +

25

256
�3 + · · · = 2F1

⇣1
2
,
1

2
, 1;�

⌘

<latexit sha1_base64="TLuVYv5W4Sv3boV/vv+kSwOJ37o="></latexit>



Counting Rational Points on 
Elliptic Curves

Family of Elliptic Curves (tori):

Elliptic Integrals (from geometry):

Counting Function for Family of Elliptic Curves:

X� =
�
y2 = x(x� 1)(x� �)

 
, where � 2 C�

�
0, 1

 
<latexit sha1_base64="AieAkBF1RsuqTZfv41KuwTWyD7k="></latexit>

|X�| = �(�1)
p�1
2 (!1)trunc mod p

<latexit sha1_base64="x9ZbgblnVm5q9Gh8VMGN6jmy8qg="></latexit>

!1 =

Z 1

1

dxp
x(x� 1)(x� �)

= 1 +
1

4
�+

9

64
�2 +

25

256
�3 + · · · = 2F1

⇣1
2
,
1

2
, 1;�

⌘

<latexit sha1_base64="TLuVYv5W4Sv3boV/vv+kSwOJ37o="></latexit>



Projective Varieties 
Elliptic Curves - K3 Surfaces

Elliptic curves can more correctly be thought of as solution sets of 
degree-3 homogenous polynomials in 2-dimensional projective space

y2 = x(x� 1)(x� �)
<latexit sha1_base64="ks8FV4xmqDYzBpWGgcrRkJ+7N8M=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoUUsMy34WAhFNy4r2Ad0aslkMm1o5kGSkQ6lG7/BP3DjQhG3foa7/o2ZaRFfBxIO59xDco8dMiqkYUy1zMLi0vJKdjW3tr6xuaVv7zRFEHFMGjhgAW/bSBBGfdKQVDLSDjlBns1Iyx5eJn7rjnBBA/9GxiHpeqjvU5diJJXU0/fi2wo8h6Pi6MgsqctiKuugUk8vGGUjBfxLzDkp1P LW4cO0Ftd7+oflBDjyiC8xQ0J0TCOU3THikmJGJjkrEiREeIj6pKOojzwiuuN0gQk8UIoD3YCr40uYqt8TY+QJEXu2mvSQHIjfXiL+53Ui6Z52x9QPI0l8PHvIjRiUAUzagA7lBEsWK4Iwp+qvEA8QR1iqznJpCWcJjr9W/kualbJZLVevVRsXYIYs2Ad5UAQmOAE1cAXqoAEwmIBH8AxetHvtSXvV3majGW2e2QU/oL1/ArHBl6s=</latexit>

Y 2Z = X(X � Z)(X � �Z)
<latexit sha1_base64="j1zN3auEqe4/z0YAPSYRxkeLHQA=">AAACA3icbVDLSgMxFM34rPVVdaeb0CK0iGXago+FUHTjsoJtx3bGkslk2tDMgyQjDEPBjX/gN7hxoYhbf8Jd/8b0gaj1QMLhnHtI7rFDRoXU9aE2N7+wuLScWkmvrq1vbGa2thsiiDgmdRywgBs2EoRRn9QllYwYISfIsxlp2v2Lkd+8I1zQwL+WcUgsD3V96lKMpJI6md2b23ILnkEjbxy2CuoymQo7CLYKnUxOL+pjwFlSmpJcNWsePA6rca2T+TSdAEce8SVmSIh2SQ+llSAuKWZkkDYjQUKE+6hL2or6yCPCSsY7DOC+UhzoBlwdX8Kx+jORIE+I2LPVpIdkT/z1RuJ/XjuS7omVUD+MJPHx5CE3YlAGcFQIdCgnWLJYEYQ5VX+FuIc4wlLVlh6XcDrC0ffKs6RRLpYqxcqVauMcTJACeyAL8qAEjkEVXIIaqAMM7sETeAGv2oP2rL1p75PROW2a2QG/oH18Ae8SmEY=</latexit>

K3 surfaces are thought of as solution sets of degree-4 
homogeneous polynomials in 3-dimensional projective space

(P2)
<latexit sha1_base64="A7CN3R04fqlrOUwcNKVuMgWJo5A=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHqpsy04mNXdOOygn1AOy2ZNG1DM5khyShl6H+4caGIW//FnX9jZjqIWg8EDufcyz05XsiZ0rb9aS0tr6yurec28ptb2zu7hb39pgoiSWiDBDyQbQ8rypmgDc00p+1QUux7nLa8yXXit+6pVCwQd3oaUtfHI8GGjGBtpF6p62M99ry4PutVTvqFol22U6BF4mSkCBnq/cJHdxCQyKdCE46V6jh2qN0YS80Ip7N8N1I0xGSCR7RjqMA+VW6cpp6hY6MM0DCQ5gmNUvXnRox9paa+ZyaTkOqvl4j/eZ1IDy/cmIkw0lSQ+aFhxJEOUFIBGjBJieZTQzCRzGRFZIwlJtoUlU9LuExw9v3lRdKslJ1quXp7WqxdZXXk4BCOoAQOnEMNbqAODSAg4RGe4cV6sJ6sV+ttPrpkZTsH8AvW+xfLT5Iw</latexit>

(P3)
<latexit sha1_base64="+ihCIk8cfjGmr9AVj5P3asYKoms=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2XGio9d0Y3LCvYB7bRk0kwbmskMSUYpQ//DjQtF3Pov7vwbM+0gaj0QOJxzL/fkeBFnStv2p5VbWl5ZXcuvFzY2t7Z3irt7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG154+vUb91TqVgo7vQkom6Ah4L5jGBtpF65G2A98rykPu1Vj/vFkl2xZ0CLxMlICTLU+8WP7iAkcUCFJhwr1XHsSLsJlpoRTqeFbqxohMkYD2nHUIEDqtxklnqKjowyQH4ozRMazdSfGwkOlJoEnplMQ6q/Xir+53Vi7V+4CRNRrKkg80N+zJEOUVoBGjBJieYTQzCRzGRFZIQlJtoUVZiVcJni7PvLi6R5UnGqlertaal2ldWRhwM4hDI4cA41uIE6NICAhEd4hhfrwXqyXq23+WjOynb24Res9y/M1JIx</latexit>

X4 + Y 4 +W 4 + Z4 + C1X
3Y ZW + C2X

3Y Z2 + . . .
<latexit sha1_base64="e2LwtoeUbGXyhc5IQ9HwoxnMQ0c=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKIhZK0xceu2I3LCrZJbdMwmU7aoZMHMxOhhP6DG3/FjQtF3Lpx5984SYuo9cCBwzn3MnOPG1HCha5/Krml5ZXVtfx6YWNza3tH3d1r8zBmCLdQSENmuZBjSgLcEkRQbEUMQ9+l2HTHjTQ37zDjJAxuxCTCtg+HAfEIgkJajnpi9WuljqQpeSvZcAyrX+3cmlJVMtWvlHqDUHBHLeplPYO2KIy5KII5mo76IfdQ7ONAIAo57xp6JOwEMkEQxdNCL+Y4gmgMh7grZQB9zO0ku2mqHUlnoHkhkwyElrk/NxLocz7xXTnpQzHif7PU/C/rxsI7txMSRLHAAZo95MVUE6GWFqQNCMNI0IkUEDEi/6qhEWQQCVljISvhIsXp98mLol0pG9Vy9bpWrF/O68iDA3AIjoEBzkAdXIEmaAEE7sEjeAYvyoPypLwqb7PRnDLf2Qe/oLx/AaYSmw4=</latexit>

For (x, y, z) 2 P2, (x, y, z) ⇠ (�x,�y,�z)
<latexit sha1_base64="KNMSwfClc6OGKgpiOqI1CmZadFQ="></latexit>

For (x, y, w, z) 2 P3, (x, y, w, z) ⇠ (�x,�y,�w,�z)
<latexit sha1_base64="UHL2gGv2iy9ZiMSN4aeiD4PiB5I="></latexit>



Kummer Surfaces
Consider the quartic surface in three-dimensional projective space  

(special K3)

Kummer surfaces emit 16 nodal singularities. After resolving the 
singularities, we obtain a K3 surface.

X4 + Y 4 +W 4 + Z4 + 2DXYWZ �A(X2Z2 + Y 2W 2)�B(X2Y 2 +W 2Z2)� C(X2W 2 + Y 2Z2) = 0
<latexit sha1_base64="+3bp4eQwMuPbD50SGdnuRBmgX4c="></latexit>

A,B,C,D 2 C
<latexit sha1_base64="Vk9AzdxMaJuGbGpkBZ8ycY8x4wY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSWvGxq60LlxXsA5pQJtNJO3QyCTMTocQu/BU3LhRx62+482+cpEHUemDgcM693DPHDRmVyrI+jdzC4tLySn61sLa+sbllbu+0ZRAJTFo4YIHoukgSRjlpKaoY6YaCIN9lpOOOG4nfuSNC0oDfqklIHB8NOfUoRkpLfXPvslQvNUpX0KYc2j5SI9eNG9O+WbTKVgo4TyoZKYIMzb75YQ8CHPmEK8yQlL2KFSonRkJRzMi0YEeShAiP0ZD0NOXIJ9KJ0/xTeKiVAfQCoR9XMFV/bsTIl3Liu3oySSj/eon4n9eLlHfuxJSHkSIczw55EYMqgEkZcEAFwYpNNEFYUJ0V4hESCCtdWSEt4SLB6feX50n7uFyplqs3J8VaPasjD/bBATgCFXAGauAaNEELYHAPHsEzeDEejCfj1XibjeaMbGcX/ILx/gWvJ5TE</latexit>



Relating Different K3 Surfaces - 
Mirror Symmetry and String Theory

General Smooth K3 
 (symplectic manifold) 

(A-Side) 

Family of Complex K3 Manifolds 
(B-Side)

Dwork Pencil

What makes these K3 surfaces mirrors?
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• Equivalent Hodge Structures • “Same” Rational Point Counts

Quartic in 
     (singular K3) 

P3

X4 + Y 4 +W 4 + Z4 + 4�XYWZ = 0
<latexit sha1_base64="UdaNdOV1H7spBDUJ2ex/ag2nX1o=">AAACCHicbVDLSgMxFM3UV1tfVZcuDBZBEMrUFh8LoejGZQXb6WssmTRtQzOZIcmIZejSjX/gN7jQhSJu/QR3fo1mpkV8HThwOOdeknscn1GpTPPdSExNz8zOJVPp+YXFpeXMympVeoHApII95omagyRhlJOKooqRmi8Ich1GLGdwEuXWJRGSevxcDX1iu6jHaZdipLTVzmzULoo7dU1Ls6FZbDG93UGwVrcaR2Y7kzVzZgz4V+QnIltK+beN+6uPcjvz1up4OHAJV5ghKZt501d2iISimJFRuhVI4iM8QD3S1JIjl0g7jA8ZwS3tdGDXE5pcwdj9vhEiV8qh6+hJF6m+/J1F5n9ZM1DdAzuk3A8U4Xj8UDdgUHkwagV2qCBYsaEWCAuq/wpxHwmEle4uHZdwGGHv6+S/orqbyxdyhTPdxjEYIwnWwSbYBnmwD0rgFJRBBWBwDe7AI3gybowH49l4GY8mjMnOGvgB4/UTtgSbHA==</latexit>



Greene-Plesser Orbifolding 
Mechanism

Through the Greene-Plesser orbifolding procedure, we are 
allowed to construct the mirror family of K3 surfaces for our 

Dwork pencil.

x1x2x3(x1 + x2 + x3 + 1) +
µ

44
= 0

<latexit sha1_base64="VQRoB4BPLk/ba2yIyaqKuQpzGK8=">AAACE3icbZDLSsNAFIYn9VbrLerSTbAI1UJJmuJlIRTduKxgL9DUMJlO2qGTCzMTaQl5Bze+ihsXirh14863cZIWUesPBz7+cw4z53dCSrjQ9U8lt7C4tLySXy2srW9sbqnbOy0eRAzhJgpowDoO5JgSHzcFERR3Qoah51DcdkaXab99hxkngX8jJiHueXDgE5cgKKRlq0dj2xjb1bFtliSVJcoyy8Zh2XIZRLHlRUlcu60l57qtFvWKnkmbB2MGRTBTw1Y/rH6AIg/7AlHIedfQQ9GLIRMEUZwUrIjjEKIRHOCuRB96mPfi7KZEO5BOX3MDJssXWub+3Iihx/nEc+SkB8WQ/+2l5n+9biTc015M/DAS2EfTh9yIaiLQ0oC0PmEYCTqRABEj8q8aGkKZhZAxFrIQzlIdf588D61qxTAr5nWtWL+YxZEHe2AflIABTkAdXIEGaAIE7sEjeAYvyoPypLwqb9PRnDLb2QW/pLx/AZ1TnEM=</latexit>

x1 =
Y 3

4XWZ�
, x2 =

W 3

4XY Z�
, x3 =

Z3

4XYW�
, µ =

1

�4
<latexit sha1_base64="kbP1nxM8kpHG07rEy20M3A+WDuk="></latexit>



Greene-Plesser Orbifolding 
Mechanism

On the new family of K3 surfaces produced from the Greene-
Plesser mechanism

we can compute period integrals for this family. 

The K3 surface itself is described by 3 periods which can be written in 
terms of this period.

x1x2x3(x1 + x2 + x3 + 1) +
µ

44
= 0

<latexit sha1_base64="VQRoB4BPLk/ba2yIyaqKuQpzGK8=">AAACE3icbZDLSsNAFIYn9VbrLerSTbAI1UJJmuJlIRTduKxgL9DUMJlO2qGTCzMTaQl5Bze+ihsXirh14863cZIWUesPBz7+cw4z53dCSrjQ9U8lt7C4tLySXy2srW9sbqnbOy0eRAzhJgpowDoO5JgSHzcFERR3Qoah51DcdkaXab99hxkngX8jJiHueXDgE5cgKKRlq0dj2xjb1bFtliSVJcoyy8Zh2XIZRLHlRUlcu60l57qtFvWKnkmbB2MGRTBTw1Y/rH6AIg/7AlHIedfQQ9GLIRMEUZwUrIjjEKIRHOCuRB96mPfi7KZEO5BOX3MDJssXWub+3Iihx/nEc+SkB8WQ/+2l5n+9biTc015M/DAS2EfTh9yIaiLQ0oC0PmEYCTqRABEj8q8aGkKZhZAxFrIQzlIdf588D61qxTAr5nWtWL+YxZEHe2AflIABTkAdXIEGaAIE7sEjeAYvyoPypLwqb9PRnDLb2QW/pLx/AZ1TnEM=</latexit>

!1 =
⇣
2F1

⇣1
8
,
3

8
, 1;µ

⌘⌘2
, holomorphic as t 7! 0

<latexit sha1_base64="ULSQB1ZcjpCKZ6F0NF9TCBmo9Ho="></latexit>



Elliptic Fibrations and K3 Surfaces
We can analyze K3 surfaces as elliptic fibrations over the Riemann sphere 

through brining them into Weierstrass normal form.  

Elliptic K3 surfaces are thus seen to be surfaces that are constructed through 
attaching a torus at every point on the Riemann sphere.

(x, y)
<latexit sha1_base64="F7k/I8/pJIEmfjLboVuiGQ23pT8=">AAAB7HicbVDLSsNAFL2pr1pfVZduQotQUUpiwceu6MZlBfuANpTJdNIOnUzCzEQMod/gpgtF3PpB7vo3TtIiaj1w4XDOvdx7jxsyKpVlzYzcyura+kZ+s7C1vbO7V9w/aMkgEpg0ccAC0XGRJIxy0lRUMdIJBUG+y0jbHd+mfvuRCEkD/qDikDg+GnLqUYyUlpqVp7P4pF8sW1Urg7lM7AUp10u90+msHjf6xc/eIMCRT7jCDEnZta1QOQkSimJGJoVeJEmI8BgNSVdTjnwinSQ7dmIea2VgeoHQxZWZqT8nEuRLGfuu7vSRGsm/Xir+53Uj5V05CeVhpAjH80VexEwVmOnn5oAKghWLNUFYUH2riUdIIKx0PoUshOsUF98vL5PWedWuVWv3Oo0bmCMPR1CCCthwCXW4gwY0AQOFZ3iBV4MbU+PNeJ+35ozFzCH8gvHxBSUkkVw=</latexit>

t
<latexit sha1_base64="WC0w0HgAEOH21dVirJFipG4yKl4=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJBS8LsejGZQv2AjWUyXTSjp1MwsxEKKVP4MaFIm71Ydy7Ed/GSVpErT8MfPz/Ocw5x485U9pxPq3c3PzC4lJ+2V5ZXVvfKGxuNVSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpDy7SvHlLpWKRuNLDmHoh7gkWMIK1sWq6Uyg6JScTmgV3CsWzN/s0fv2wq53C+3U3IklIhSYcK9V2nVh7Iyw1I5yO7etE0RiTAe7RtkGBQ6q8UTboGO0Zp4uCSJonNMrcnx0jHCo1DH1TGWLdV3+z1Pwvayc6OPZGTMSJpoJMPgoSjnSE0q1Rl0lKNB8awEQyMysifSwx0eY2dnaEk1SH3yvPQuOg5JZL5ZpTrJzDRHnYgV3YBxeOoAKXUIU6EKBwBw/waN1Y99aT9TwpzVnTnm34JevlC1iHkGw=</latexit>

x = f1(X,Y,W,Z)
<latexit sha1_base64="VH5LS9I1gdMIN3HN3t2ahqFA3aU=">AAAB+XicbVDLSsNAFJ3UV62vqEs3Q4tQsZTEgo+FUHTjsoJ9aBvCZDpph04ezEyKIfQvXLpxoYhb/8Rd/8ZJWsTXgQuHc+7l3nuckFEhDWOq5RYWl5ZX8quFtfWNzS19e6clgohj0sQBC3jHQYIw6pOmpJKRTsgJ8hxG2s7oMvXbY8IFDfwbGYfE8tDApy7FSCrJ1vV7eA5d2yx3KreVduXuwNZLRtXIAP8Sc05K9WLv8GFajxu2/tHrBzjyiC8xQ0J0TSOUVoK4pJiRSaEXCRIiPEID0lXURx4RVpJdPoH7SulDN+CqfAkz9ftEgjwhYs9RnR6SQ/HbS8X/vG4k3VMroX4YSeLj2SI3YlAGMI0B9iknWLJYEYQ5VbdCPEQcYanCKmQhnKU4/nr5L2kdVc1atXat0rgAM+TBHiiCMjDBCaiDK9AATYDBGDyCZ/CiJdqT9qq9zVpz2nxmF/yA9v4JaeGUrw==</latexit>

y = f2(X,Y,W,Z)
<latexit sha1_base64="gzbxDFc2XXA4woql8cizmE4ZqkE=">AAAB+XicbVDLSsNAFJ34rPUVdelmaBEqlpK04GMhFN24rGAf2oYwmU7aoZMHM5NCCP0Ll25cKOLWP3HXv3GSFlHrgQuHc+7l3nuckFEhDWOqLS2vrK6t5zbym1vbO7v63n5LBBHHpIkDFvCOgwRh1CdNSSUjnZAT5DmMtJ3Rdeq3x4QLGvh3Mg6J5aGBT12KkVSSresxvISuXS11yvfldvnh2NaLRsXIABeJOSfFeqF38jitxw1b/+z1Axx5xJeYISG6phFKK0FcUszIJN+LBAkRHqEB6SrqI48IK8kun8AjpfShG3BVvoSZ+nMiQZ4QseeoTg/JofjrpeJ/XjeS7rmVUD+MJPHxbJEbMSgDmMYA+5QTLFmsCMKcqlshHiKOsFRh5bMQLlKcfr+8SFrVilmr1G5VGldghhw4BAVQAiY4A3VwAxqgCTAYgyfwAl61RHvW3rT3WeuSNp85AL+gfXwBbQGUsQ==</latexit>

t = f3(X,Y,W,Z)
<latexit sha1_base64="Og1uMofln6SdvhtUb6mieH9EQ7c=">AAAB+XicbVDLSsNAFJ3UV62vqEs3Q4tQsZTEgo+FUHTjsoJ9aBvCZDpph04ezEwKIfQvXLpxoYhb/8Rd/8ZJWkStBy4czrmXe+9xQkaFNIyplltaXlldy68XNja3tnf03b2WCCKOSRMHLOAdBwnCqE+akkpGOiEnyHMYaTuj69RvjwkXNPDvZBwSy0MDn7oUI6kkW9clvISuXSt3KveVduXhyNZLRtXIABeJOSelerF3/Ditxw1b/+z1Axx5xJeYISG6phFKK0FcUszIpNCLBAkRHqEB6SrqI48IK8kun8BDpfShG3BVvoSZ+nMiQZ4QseeoTg/JofjrpeJ/XjeS7rmVUD+MJPHxbJEbMSgDmMYA+5QTLFmsCMKcqlshHiKOsFRhFbIQLlKcfr+8SFonVbNWrd2qNK7ADHlwAIqgDExwBurgBjRAE2AwBk/gBbxqifasvWnvs9acNp/ZB7+gfXwBZq+UrQ==</latexit>

!1 =
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2F1
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<latexit sha1_base64="Wgd21A3VVWxehbuGd7UpalD8uhM="></latexit>

y2 = 4x3 � g2µ(t)x� g3µ(t)
<latexit sha1_base64="lU2EBODg0wYkHbsSgVJ75GAdCIY=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSLWhSVpio+FUHTjsoJ9QJuGyXTSDp08mJlIQ8gnuPFX3LhQxK1Ld/6NSRp8Hxg495x7uXOP5VPChaq+S4W5+YXFpeJyaWV1bX1D3txqcy9gCLeQRz3WtSDHlLi4JYiguOszDB2L4o41uUj9zg1mnHjutQh9bDhw5BKbICgSyZT3w0HtrD4d6IfRyKzFZtR3grgiDqZprX/VplxWq2oG5S/RclIGOZqm/NYfeihwsCsQhZz3NNUXRgSZIIjiuNQPOPYhmsAR7iXUhQ7mRpQdFCt7iTJUbI8lzxVKpn6fiKDDeehYSacDxZj/9lLxP68XCPvEiIjrBwK7aLbIDqgiPCVNRxkShpGgYUIgYiT5q4LGkEEkkgxLWQinKY4+T/5L2rWqplf1q3q5cZ7HUQQ7YBdUgAaOQQNcgiZoAQRuwT14BE/SnfQgPUsvs9aClM9sgx+QXj8AXmKcUg==</latexit>



Generalizing the Dwork Pencil

The one-parameter Dwork Pencil 

The three-parameter Kummer quartic serves as the natural 
generalization of the Dwork pencil, as it preserves some of the 

symmetry.
x4 + y4 + w4 + z4 + 2Dxywz �A(x2z2 + y2w2)�B(x2y2 + w2z2)� C(x2w2 + y2z2) = 0

x4 + y4 + w4 + z4 + 4�xywz = 0

A,B,C,D 2 C
<latexit sha1_base64="Vk9AzdxMaJuGbGpkBZ8ycY8x4wY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSWvGxq60LlxXsA5pQJtNJO3QyCTMTocQu/BU3LhRx62+482+cpEHUemDgcM693DPHDRmVyrI+jdzC4tLySn61sLa+sbllbu+0ZRAJTFo4YIHoukgSRjlpKaoY6YaCIN9lpOOOG4nfuSNC0oDfqklIHB8NOfUoRkpLfXPvslQvNUpX0KYc2j5SI9eNG9O+WbTKVgo4TyoZKYIMzb75YQ8CHPmEK8yQlL2KFSonRkJRzMi0YEeShAiP0ZD0NOXIJ9KJ0/xTeKiVAfQCoR9XMFV/bsTIl3Liu3oySSj/eon4n9eLlHfuxJSHkSIczw55EYMqgEkZcEAFwYpNNEFYUJ0V4hESCCtdWSEt4SLB6feX50n7uFyplqs3J8VaPasjD/bBATgCFXAGauAaNEELYHAPHsEzeDEejCfj1XibjeaMbGcX/ILx/gWvJ5TE</latexit>



Generalizing the Greene-Plesser Mechanism

We can establish elliptic fibrations both on our three-parameter Kummer quartic 
and the mirror of the Dwork pencil.

The elliptic fibration structure allows us to generalize the Greene-Plesser 
mechanism. We then obtain the three-parameter generalization of the mirror of the 

generalized Dwork pencil.

We can compute the fiberwise period integral. We can then express the 5 period 
integrals of our surface in terms of this multi-variate hypergeometric function 

(Aomoto-Gelfos Function).



Counting Rational Points on K3 Surfaces 

We established a three-parameter family of K3 surfaces generalizing the Greene-
Plesser mechanism.

Through using the elliptic fibration on the three-parameter mirror family and 
relating the period integrals of different families, we show that

x4 + y4 + w4 + z4 + 2Dxywz �A(x2z2 + y2w2)�B(x2y2 + w2z2)� C(x2w2 + y2z2) = 0

|XA,B,C | =
⇣
Special K3 Period

⌘

trunc
mod p

<latexit sha1_base64="VRJx4zsJMTUrkV9HI99NgrxCD4M="></latexit>



Results 

Theorem: The counting function (of rational points) on the three-parameter family 
of generalized mirror K3 surfaces can be computed explicitly (it is a multivariate 

generalization of the Gauss hypergeometric function).                                             
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<latexit sha1_base64="1B2zbL4qvGNRHhq6RxMql1z8L5g="></latexit>

The equation of the surface is:

y2 = x(x� 1)(x� t)(t� a)(t� b)(t� c)
<latexit sha1_base64="uYps1wooClxAjJEWDgqi//6zbkU=">AAACB3icbVDLSgMxFM3UV62vqktBBovQLlpmWvGxEIpuXFawD2jHkknTNjSTGZI70jJ058ZfceNCEbf+gjv/xkxbRK0Hcjmccy8397gBZwos69NILCwuLa8kV1Nr6xubW+ntnZryQ0lolfjclw0XK8qZoFVgwGkjkBR7Lqd1d3AZ+/U7KhXzxQ2MAup4uCdYlxEMWmqn90e3xfNhdpi3c7pALgt5HBc3LiTXTmesgjWBOU/sGcmgGSrt9Eer45PQowIIx0o1bSsAJ8ISGOF0nGqFigaYDHCPNjUV2KPKiSZ3jM1DrXTMri/1E2BO1J8TEfaUGnmu7vQw9NVfLxb/85ohdE+diIkgBCrIdFE35Cb4ZhyK2WGSEuAjTTCRTP/VJH0sMQEdXWoSwlmM4++T50mtWLBLhdL1UaZ8MYsjifbQAcoiG52gMrpCFVRFBN2jR/SMXowH48l4Nd6mrQljNrOLfsF4/wIDQ5ZZ</latexit>
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